Abstract: We study infinite dimensional generalisations of the Heisenberg doubles of the Borel half of U q (sl(2)) and of U q (osp(1|2)) and find associated canonical elements which satisfy pentagon equation. The former reproduces the canonical element, expressed using the Faddeev's quantum dilogarithm, which has been found by Kashaev to be realised within quantised Teichmüller theory, while for the latter we show that it corresponds to an operator from quantised super Teichmüller theory. We study infinite dimensional representations of those two Heisenberg doubles and, using an algebra homomorphism between Heisenberg doubles and Drinfeld doubles, we find associated representations of Drinfeld doubles of the Borel half of U q (sl(2)) and of U q (osp(1|2)). Moreover, we reproduce the previously obtained R-matrix for the former and derive a novel R-matrix for the latter representation.
Introduction
The methods comming from the representation theory of quantum groups have found a wide range of applications to the mathematical and theoretical physics. Quantum groups are relevant in conformal field theory [1] , where the algebras of screening charges and vertex operators satisfy the relations of q-deformed Lie algebras, which are themselves a well studied family of quantum groups. The fusion matrices of the conformal field theories were realised as a 6j symbols for representations of the associated quantum groups. Moreover, in the context of quantum integrable systems a systematic method of obtaining scatterring matrices [2] has been developed. These systems satisfied the so-called Yang-Baxter equation [3, 4] R 12 R 13 R 23 = R 23 R 13 R 12 ,
There exist a systematic procedure to obtain solutions to the Yang-Baxter equation, which is based on the so-called Drinfeld double construction [5] [6] [7] [8] . It allows to associate a new, quasitriangular Hopf algebra, i.e. a Hopf algebra that admits a universal R-matrix, which satisfies the Yang-Baxter equation, to an arbitrary Hopf algebra and its dual. Another existing double construction, called the Heisenberg double construction [9, 10] , admits a canonical element that satisfies not the Yang-Baxter equation, but rather a pentagon equation [11] S 12 S 13 S 23 = S 23 S 12 .
(1.2)
Using Heisenberg doubles one can design the representations of Drinfeld doubles, as one can embed the elements of the Drinfeld double into a tensor square of Heisenberg doubles [9, 10] . In mathematical physics, Heisenberg doubles appeared in particular in the context of the quantum Teichmüller theory of Riemann surfaces [12] [13] [14] [15] [16] [17] . The Teichmüller theory is the theory of the deformations of the complex structures on Riemann surfaces. On the space of complex structures one can define the local coordinates using the triangulations of Riemann surfaceshowever, descriptions given by equivalent triangulations should be related by similarity transformations. The transfromation that realises this, i.e. the so-called flip move, relates different triangulations of a quadrilateral and is one of the generators of the Ptolemy grupoid. The canonical element of the Heisenberg double of the quantum plane (that is, of a Borel half of U q (sl(2))) evaluated on a particular family of infinite dimensional representations realises this flip move [13] . Moreover, the Fock coordinates associated to the edges of a quadrilateral correspond to the elements of the aformentioned Heisenberg double.
From the Heisenberg double of the quantum plane Kashaev obtained a class of representations of the U q (sl(2)) quantum group, as well as its associated R-matrix. Those representations were identified to be the class of infinite dimensional representations P α studied [18, 19] in connection with the Liouville field theory, which constitutes a prototypical non-trivial example of the noncompact conformal field theory [20, 21] . Using the means of harmonic analysis, Ponsot and Teschner investigated their properties. They have shown that the relation between the fusion category of the conformal field theory and the representation category of quantum group holds in the case of the Liouville field theory and U q (sl(2)) quantum group. Moreover, the consistency of the bootstrap for the Liouville theory, i.e. the fact that the crossing-symmetry equation is satisfied by the three point function, was verified [18, 19, 22] .
The canonical element S in the Teichmüller theory context was expressed in terms of a particular hyperbolic special function called the Faddeev's quantum dilogarithm [23, 24] , and it can be regarded as a quantisation of the Roger's dilogarithm. In fact, the quantum dilogarithm has many elegant properties. In particular, the pentagon equation that it satisfies e b (p)e b (x) = e b (x)e b (p + x)e b (p), (1.4) for non-commutative variables x, p such that [p, x] = 1 2πi , is a generalisation of the five-term relation for Roger's five-term identity. The quantum dilogarithm also found applications in conformal field theory, topological field theory and hyperbolic geometry.
In the context of super Teichmüller theory [25] , one can define the supersymmetric analogues of the Faddeev's quantum dilogarithm function where f ± (x) = e R (x) ± e NS (x). As a consequence, the supersymmetric analogue of the flip operator satisfies the (graded) pentagon equation.
In this paper, we aim at constructing the canonical elements which satisfy pentagon equation in terms of the elements of continuous Heisenberg doubles of the Borel half of U q (sl (2) ) and U q (osp(1|2)). The fact that the algebras considered are spanned by a continuum of basis elements require form us a careful treatment when compared to the construction for the discrete cases. As a result, we are able to obtain the canonical elements in terms of the basis elements of Heisenberg algebras and, using representations, to arrive at formulae which were found to be present in the Teichmüller and super Teichmüller theories. Moreover, using those representations we construct the representations of the Drinfeld doubles, as well as realise the associated R-matrices. The expression for the U q (osp(1|2)) R-matrix is a new one.
The paper is organised as follows. In the section 2 we present a general theory of (Z 2 -graded) Heisenberg doubles and consider some discrete algebras as demonstrative examples. In the section 3 we define the infinite dimensional, continuous version of the Borel half of U q (sl(2)) and construct its Heisenberg double along with the canonical element corresponding to the one obtained previously by Kashaev [10] . We also consider an infinite dimensional representation of this algebra, which was found to be relevant for Teichmüller theory. In the section 4 we consider the continuous analogue of the Borel half of U q (osp(1|2)) and we construct its Heisenberg double. We stress how the construction differs from the one in the previous section as a consequence of the non-trivial grading of U q (osp(1|2)). We find the canonical element and represent it in a way which appeared previously in super Teichmüller theory. In the section 5 we quickly recall some information about the Drinfeld double construction. We generalise the algebra homomorphism between Heisenberg and Drinfeld doubles, given in [10] , to the Z 2 -graded case, and consider the representations of the continuous versions of the Drinfeld doubles which stem from the Heisenberg double representations. We derive also previously obtained R-matrix in the U q (sl(2)) case and a new R-matrix for the U q (osp(1|2)) one. Section 6 offers an outlook.
Heisenberg doubles
In this chapter we will shortly describe the basic notions about Z 2 -graded Heisenberg doubles. We will sketch how the Heisenberg double construction works. The exposition is structured in a way that is similar to [10] , it is however generalised to work in the Z 2 -graded setting.
We start from a short description of Z 2 -graded Hopf algebras, and using the Hopf action we will define a smash product of a Hopf algebra with its dual. At the end of this chapter we will illustrate the Heisenberg double construction on the examples of discrete versions of U q (sl(2)) and U q (osp(1|2)) Heisenberg doubles. They constitute discrete prototypes for the continuous Heisenberg doubles of the Borel halfs of U q (sl(2)) and U q (osp(1|2)), which will be considered in chapters 3 and 4 respectively. Let us consider a Z 2 -graded Hopf-algebra (A, m, η, ∆, , γ), where A is a Z 2 -graded vector space equipped with the multiplication m : A ⊗ A → A, an unit η : C → A, a co-multiplication ∆ : A → A ⊗ A, a co-unit : A → C and an antipode γ : A → A. A decomposes into a direct sum of two sub-spaces A = A 0 ⊕ A 1 , which are called even and odd respectively. We denote the degree of an element x ∈ A i by |x| = i, and we will call an element x even if |x| = 0 and odd otherwise. The graded tensor product of two algebras A and B is then defined by the following equation for a 1 , a 2 ∈ A, b 1 , b 2 ∈ B,
The maps m and η are subjected to the associativity and unitality relations
while maps ∆ and have to satisfy the co-associativity and co-unitality relations
Moreover, the co-product ∆ and co-unit are algebra homomorphisms, and the antipode γ is a graded algebra anti-homomorphism and a graded co-algebra anti-homomorphism which satisfies the relations
All the above maps are grade preserving.
Moreover, we consider a Hopf algebra (A * ,m,η,∆,ˆ ,γ) which is dual to A. The Hopf algebras A and A * are dual in a sense that the vector spaces A and A * are dual as vector spaces, and there exists a non-degenerate duality pairing (also called a Hopf pairing) (, ) : A × A * → C, for which the following relations are satisfied
between multiplications and co-multiplications,
between unit and co-unit maps, (2.9) and between antipodes, where
The ordinary tensor product A * ⊗ A has a straight-forward product given by (1 ⊗ x)(f ⊗ 1) = x ⊗ f . However, in order to construct a Heisenberg double, we are interested in equipping the space A * ⊗ A with a non-trivial algebra structure between the elements which belong to the subalgebras A and A * . In order to achieve that, we will use the Hopf pairing (, ) to define a left action of A on A * and consequently a smash product algebra A * A.
Using the duality pairing (, ) we can define a left action of a Hopf-algebra A on A * given by 10) where x ∈ A, f ∈ A * and where we denote the coproduct∆(f ) = (f ) f (1) ⊗ f (2) using usual Sweedler notation [26] . The action (2.10) makes A * into a module algebra over the Hopf algebra A, i.e. the action is compatible with the multiplication in A * in the sense that
where x ∈ A and f, g ∈ A * . Using a left action one can construct a smash product algebra H(A) = A * A by defining the multiplication 12) where x, y ∈ A, f, g ∈ A * . Definition 2.1 A Heisenberg double of a Hopf algebra A is the smash product algebra H(A) = A * A with the multiplication given by the equation (2.12).
The Heisenberg double has A and A * as subalgebras through canonical embeddings
It will be convienient to recast the definition above in a basis dependent way. In order to do that, we first choose a basis of A. The basis will be given by a collection of vectors {e α } α∈I , where I is a (possibly infinite) set. Then, the multiplication and co-multiplication of the basis elements is given by It is important to note that the Heisenberg double H(A) is not a Hopf algebra. The algebra structure given by (2.12) is not compatible with the co-products on ∆,∆ defined on the initial Hopf algebras A and A * . In this it differs from the Drinfeld double algebra (which will be discussed in section 5), which is a (quasi-triangular) Hopf algebra, and not only an algebra. where we use a notation for which
Definition 2.2 For Heisenberg algebra of interest to us is a canonical element S
Although, as we have mentioned previously, the Heisenberg double is not a Hopf algebra, the canonical element S does encode the co-products on the initial Hopf algebras A and A * in the following way 19) where ∆(e α ) and∆(e α ) should be understood as elements of the Heisenberg double obtained by embedding the co-products under the canonical embeddings A → H(A) and A * → H(A).
Remark 2.1 To keep the notation compact, from now on we will denote the elements 1 ⊗ e α and e α ⊗ 1 of the Heisenberg double H(A) simply as e α and e α respectively. As an instructive example, lets us consider a Heisenberg double of the Borel half of U q (sl(2)), which should be considered as a discrete prototype of the continuous algebra considered in chapter 3. The Borel half algebra A = B(U q (sl(2))) = {H m E n } ∞ m,n=0 is generated by elements H, E with a commutation relation 20) and a coproduct as follows
where q = e πib 2 is the deformation parameter. In addition, the antipode is
We can choose the basis elements of A in the following way
where q-numbers (q) n are defined as (q) n = (1 − q) . . . (1 − q n ) and n, m ∈ N. Using the properties of the generators H, E and the binomial and q-binomial formulae one can find the multiplication and co-multiplication of the basis elements
where n k is an ordinary and
on the other hand is generated by elementsĤ, F which satisfy a commutation relation 24) and have a coproduct given bŷ
The antipode isγ
The basis elements for A * are given by 27) and their multiplication and co-multiplication is as follows
By inspection the multiplication and co-multiplication coefficients are equal to
and that A and A * are dual as Hopf algebras. The Heisenberg double H(A) is then given by the generators H,Ĥ, E, F , which satisfy the commutation relations (2.12), which are as follows
(2.28)
The canonical element S is given in terms of generators as 29) where the special function (x; q) ∞ , known under a name of a quantum dilogarithm, is defined as
Using the properties of the quantum dilogarithm function one can check explicitly that the pentagon equation is satisfied. In particular, it reduces to the identity
, which was shown to be satisfied by the quantum dilogarithm (x; q) ∞ . The square brackets denote the commutator, and operators U and V satisfy the following algebraic relations [10]
Example 2.2 Heisenberg double of the Borel half of U q (osp(1|2))
As another informative example, lets us consider a Heisenberg double of the Borel half of U q (osp(1|2)), which should be considered as a discrete prototype of the continuous algebra considered in chapter 4. The Borel half algebra A = B(osp(1|2)))) = {H m v (+) n } ∞ m,n=0 is generated by an even graded element H and an odd graded element v (+) with a commutation relation 34) and the antipode as follows 35) where q = e iπb 2 is the deformation parameter. We can choose the basis elements of A in the following way e m,n = (−1)
Using the properties of the generators H, v (+) and the binomial and q-binomial formulae one can find the multiplication and co-multiplication of the basis elements
on the other hand is generated by elementsĤ, v (−) which satisfy a commutation relation
and have a coproduct given bŷ
with the antipodeγ
The basis elements for A * are given by
and their multiplication and co-multiplication are as follows
and that A and A * are dual as Hopf algebras. The discrete Heisenberg double can be defined as an algebra generated by the even elements H andĤ and the odd elements v (+) and v (−) satisfying (anti-)commutation relations
The canonical element S is given in terms of generators as
Using the properties of the quantum dilogarithm function one can check explicitly that the pentagon equation is satisfied. In particular, it reduces to the identity (2.31) for U = −q
and with the replacement q 2 → −q. The operators U and V satisfy the following algebraic relations
3 Continuous Heisenberg double of the Borel half of U q (sl (2))
In this section we will provide a discussion of a continuous version of the Heisenberg double of the Borel half of U q (sl (2)). We will describe the multiplication and co-multiplication structures of the continuous Borel half, which follow from the commutation relations and the co-product for the generators of the discrete algebra and the continuous version of the binomial and q-binomial formulae. Afterwards, we construct the canonical element S satisfying the pentagon equation, which is expressed using the Faddeev's quantum dilogarithm. At the end of the section we recall a particular representation of continuous Heisenberg double which was introduced by Kashaev [14] .
As already described in the section 2, the discrete version of the Heisenberg double H(A) of the Borel half A = B(U q (sl(2))) can be defined as an algebra spanned by the elements
subjected to the commutation relations (2.28), where q = e iπb 2 for a parameter b such that b 2 ∈ R/Q.
In the case of the continuous version of the algebra, instead of integer powers of the generators, we are interested in the generators taken to the pure imaginary powers -i.e. instead of H i 1 E i 2 for i j ∈ Z ≥0 we would like to consider H iα 1 E iα 2 for α j ∈ R. This modification would not involve any subtleties if all the generators were positive (or at least non-negative) definite. The situation would be similar to taking a complex power of a positive real number, which does not require specifting the branch of the logarithm -however, taking a complex power of a negative real number does.
Unfortunately, for the algebra A not all generators are be positive. We assume that the generator E will be realised as positive operator while the generator H will not be. This positivity issue will be resolved by using principal value prescription for those generators which belong to the Cartan subalgebra of the Borel half and its dual. The principal value is given by
where y > 0 and = ±1 and where Θ(y) is a Heaviside theta function. The Hopf algebra composed only of the Cartan subalgebra constitutes an instructive toy model, which because of its simplicity clarifies the construction for the full B(U q (sl(2))). We refer to the appendix B for its discussion.
Starting from the equations (2.20), (2.34) one can derive the multiplication and co-multiplication relations for the elements of the form (±H) is pv E ib −1 t using the continuous binomial formulae (A.39), the continuous version of the q-binomial formula (A.41) as well as the Mellin transform of the exponential function (B.7). The result of that calculation is presented below as the relations satisfied by the basis elements.
Let us start with the continuous version of the Borel half A of U q (sl(2)). We define it as an algebra A spanned by the elements {e(s, , t)} s,t∈R, =±1 , which satisfy the following multiplication 2) and co-multiplication relations
where
is a continuous version of the binomial coefficent and
is a continuous version of the q-binomial coefficient, defined using a special function G b which is related to the Fadeev's quantum dilogarithm (c.f. appendix A)
The elements e(s, , t) admit a presentation in terms of the generators H, E (that is the elements which generated the discrete version of the algebra in section 2) in the following way
One can reproduce the discrete multiplication and co-multiplication relations by analytically continueing the relations (3.2) and (3.3) to the values s = −im, t = −ibn, where n, m ∈ Z ≥0 .
After describing the continuous version of the algebra A, we focus on the algebra A * dual to it. Let us define it as being spanned by the elements {ê(s, , t)} s,t∈R, =±1 , with the following product e(s, , t)ê(s , , t ) = dσ 2π 6) and coproduct
The elementsê(s, , t) admit a presentation in terms of generatorsĤ, F satisfying equations
As in the case of the initial Hopf algebra A, one can reproduce the discrete multiplication and co-multiplication relations by analytical continuation to the values s = −im, t = −ibn of the powers, where n, m ∈ Z ≥0 .
The algebras A and A * are dual to each other in the sense of relation (2.14) with respect to a duality pairing defined
Alternatively, one can see that the multiplication coefficients 10) and the co-multiplication coefficients We want to stress that, as before for A and A * separately, one can reproduce the relations (2.28) using the analytical continuation to the appropriate values of σ, τ . When one analytically continues, the poles of gamma and Fadeev's quantum dilogarithm functions present in the integrand are pinching the contours of integration. The residues of those poles then contribute as the terms of the sums of the product of the discrete H(A).
By applying the definition (2.17) we obtain the following expression for the canonical element S in terms of the basis elements of H(A)
which can be written in terms of the generators H,Ĥ, E, F by using the explicit presentation of basis elements in equations (3.5) and (3.8),
where e b (x) = g b (e 2πbx ). We see that quantum dilogarithm (x, q) ∞ , which was present in the discrete version of the algebra, has been replaced by its continuous analogue g b (x). Moreover, the pentagon equation (2.18) for S is manifestly satisfied as it can be reduced to the pentagon relation for Faddeev's quantum dilogarithm (equation (A.25) in appendix A) .
Representations of the Heisenberg double of the Borel half of U q (sl (2)) In this part we will consider a representation theory of the continuous Heisenberg double H(A) described above. This representations was first considered by Kashaev [13] in the context of applications to the Teichmüller theory of Riemann surfaces. The Heisenberg double evaluated on those representations have a direct interpretation as the operators in the quantum Teichmüller theory [13, 14] .
Following [13] , we introduce the representations π : H(A) → Hom(L 2 (R)) of the Heisenberg double H(A) on L 2 (R) representation space using the following realisation of the generators . One can show that these generators satisfy the commutation relations (2.28).
The canonical element S (3.14) evaluated on those representations can be written as follows
This representation of the canonical element has been considered in the context of Teichmüller theory as a realisation of the flip operator [13, 14] .
Countinuous Heisenberg double of the Borel half of U q (osp(1|2))
This section is devoted to the study of the continuous Heisenberg double of the Borel half of U q (osp(1|2)), also known under a name of a quantum superplane. We construct the continuous Heisenberg double in a manner similar to the one described in section 3, however the grading of elements is considered very carefully since U q (osp(1|2)) is Z 2 -graded. Afterwards, we consider an infinite dimensional representations of the Heisenberg double on L 2 (R) ⊗ C 1|1 with the focus on canonical element S.
The discrete Heisenberg double H(A) of A = B(U q (osp(1|2))) was already dissussed in the section 2. We intend to find a continuous counterpart of that algebra, however this cannot be done in exactly the same fashion as the non-graded algebra like B(U q (sl(2))). This is caused by the fact that one cannot take a complex power of elements which have an odd degree and produce a homogenous elements. In particular, we cannot simply take the imaginary powers of the odd elements v (±) . In order to resolve this issue, we can consider a decomposition of those particular elements
into the even elements E, F which satisfy non-trivial commutation relations with generators H,Ĥ
The odd elements κ,κ commute trivially with the even ones
and they satisfy the following identites
The decomposition (4.1) informs one how one needs to modify the definition of the Hopf algebra A in the continuous case. It allows to straightforwardly take the imaginary powers of the even part of the decomposition, while constraining the powers of the odd part to integers only.
Let us start with the Borel half A of U q (osp(1|2)). It is a Hopf algebra spanned by elements {e(s, , t, n)} s,t∈R, =±1,n=0,1 , where the basis elements are given in terms of the generators by e(s, , t, n) = f ,n (s, t)( πH)
where 6) where the special functions G R , G NS are related to the supersymmetric analogues of Faddeev's quantum dilogarithm functions The basis elements have the following product relations e(s, , t, n)e(s , , t , n ) = dσ 2π
e(s, , t, n)e(s , − , t , n ) = dσ 2π
while the co-product is given by
e(s − σ +σ, − , t − τ, 1) .
(4.10)
By analytically continuing the values of s, t in the equations (4.8)-(4.10) one can recover the commutation (2.37) and co-product relations (2.38) for the discrete algebra elements generated by H, v (+) considered in section 2. The values corresponding to the discrete algebra basis element are s = −im, t = −ibn, n = 1 for m ∈ Z ≥0 , n ∈ 2Z ≥0 + 1 and s = −im, t = −ibn, n = 0 for m ∈ Z ≥0 , n ∈ 2Z ≥0 . After describing the Hopf algebra A, we consider the dual Hopf algebra A * . This Hopf algebra is spanned by the elements {ê(s, , t, n)} s,t∈R, =±1,n=0,1 . The dual basis can be expressed in terms of the generators satisfying the relations (4.2)-(4.4)
The multiplication relations for those elements are as followŝ e(s, , t, n)ê(s , , t , n ) = dσ 2π
1 − e −2πs × ×ê(s + s − σ, , t + t , n + n ), (4.12) while the co-multiplication has the following form
(4.14)
As in the case of A, the multiplication and co-multiplication relations above reduce to the product and co-product (2.43)-(2.44) of the discrete dual Hopf algebra from section 2 by the means of appropriate analytic continuation.
One can see that the multiplications and co-multiplications of A and A * are dual to each other in the sense of (2.14) with respect to a duality bracked defined (e(s, , t, n),ê(s , , t , n )) = δ(s − s )δ(t − t )δ , δ n,n .
(4.15)
Alternatively, one can see that with the multiplication and co-multiplication coefficients defined in the following way e(s, , t, n)e(s , , t , n ) =
dσdτ m σ, ,τ,n s, ,t,n,s , ,t ,n e(σ, , τ, n ), 16) and ∆(e(s, , t, n)) = , =±, n ,n =0,1 dσ dσ dτ dτ µ σ , ,τ ,n ,σ , ,τ ,n s, ,t,n e(σ , , τ , n ) ⊗ e(σ , , τ , n ), ∆(ê(s, , t, n)) = , =±, n ,n =0,1 dσ dσ dτ dτ μ s, ,t,n σ , ,τ ,n ,σ , ,τ ,n ê(σ , , τ , n ) ⊗ê(σ , , τ , n ), (4.17) satisfy the equality m s, ,t,n σ , ,τ ,n ,σ , ,τ ,n = (−1) n n μ s, ,t,n σ , ,τ ,n ,σ , ,τ ,n , m σ , ,τ ,n ,σ , ,τ ,n s, ,t,n = (−1) n n µ σ , ,τ ,n ,σ , ,τ ,n s, ,t,n .
(4.18)
Then, one uses (2.12) to find the exchange relations for the Heisenberg double H(A). By analytic continuation, one can produce the (anti-)commutation relations for the generators H,Ĥ, E, F, κ,κ which are as follows: the even generators satisfy
while κ,κ commute trivially with all even generators 20) and they satisfy the following identites between each other
It is worthwile to note that, taking into account the decomposition (4.1) from which we started this section, one can recover the (anti-)commutation relations of the discrete Heisenberg double (2.45) using the exchange relations that come from (2.12).
Let us now take a look at the canonical element S of this Heisenberg double. Using the definition (2.17) we obtain the relation for S in terms of the basis elements (4.5) and (4.11)
n e(s, , t, n) ⊗ê(s, , t, n), (4.22) which written in terms of the generators has the form
where we used equation (4.7) and the relations
The fact that the canonical element S, equation (4.23), satisfies the graded pentagon equation follows directly from the supersymmetric pentagon identities (1.6) and has been checked explicitly in [25] .
Representations of the Heisenberg double of the Borel half of U q (osp(1|2))
In this section we want to introduce the representation π : H(A) → Hom(L 2 (R) ⊗ C 1|1 ) of the Heisenberg double H(A) of the quantum superplane A that is a supersymmetric analogue of the representation (3.15). The generators are represented as the following operators 
This representation of the canonical element has been considered in the context of super Teichmüller theory as a realisation of the supersymmetric flip operator [25] .
Drinfeld double
In this section, we will present the definition of the Z 2 -graded Drinfeld double D(A) of a Hopf algebra A, given in terms of the basis elements, and remind ourselves some facts about the universal element R satisfying the Yang-Baxter equation. Then, we will describe an algebra morphism between H(A) ⊗ H(A * ) and D(A), which constitutes a Z 2 -graded generalisation of a morphism described in [10] . Furthermore, we state the relation between the universal elements of the Heisenberg doubles and the universal R-matrix of the Drinfeld double. We present the U q (sl (2)) and U q (osp(1|2)) algebras as instructive examples.
Let us consider again a Hopf algebra (A, m, η, ∆, , γ), subjected to the axioms (2.2)-(2.6).
With the choice of a basis {e α } α∈I which algebraically spans A we can describe the multiplication and co-multiplication In addition to the algebra A we can consider the algebra A * , that is a Hopf algebra dual to A. In terms of a basis {e α } α∈I of A * the multiplication and co-multiplication relations of this Hopf algebra are as follows They are dual to each other with respect to a duality bracket (, ) satisfying the relations (2.7)-(2.9), and given explicitly on the basis by (2.14). Given those two Hopf algebras, it is possible to define a quasi-triangular Hopf algebra as a double cross product of Hopf algebras [8] . Explicitly, we can define a Hopf algebra D(A) = {x ⊗ f |x ∈ A, f ∈ A * } equipped with the product 6) and the antipode
whereγ cop =γ −1 is the antipode of (A * ) cop , i.e. the antipode of the Hopf algebra dual to A equipped with the opposite coproduct. We also use the following notation for the coproduct
Definition 5.1 A Drinfeld double of a Hopf algebra A is a quasi-triangular Hopf algebra D(A) with the multiplication, co-multiplication and antipode given by the equations (5.5)-(5.7).
The Hopf algebra D(A) has A and (A * ) cop as subalgebras through canonical embeddings
In terms of a basis, the Drinfeld double D(A) is spanned by a collection of elements {e α ⊗ e β } α,β∈I which satisfy the following multiplication relations 8) and co-multiplication relations (5.9) and is equipped with the antipode 
where we use a notation for which
The Drinfeld double D(A) can be related to the Heisenberg algebras in terms of an algebra morphism. Lets consider again the Heisenberg double H(A), as described in section 2. Let us recall that one can regard it as an algebra of elements {e β ⊗ e α } α,β∈I subjected to the set of relations
(5.14)
Moreover, we can also construct an additional Heisenberg double H(A * ) = {ẽ α ⊗ẽ β } α,β∈I starting from the dual algebra A * . It has the following relations
We will denote the flipped (i.e. the one with the tensor factors reversed) canonical element of this Heisenberg double asS =ẽ α ⊗ẽ α . It satisfies a "reversed" pentagon equation of the form
We can relate those 2 algebras by the means of the following proposition:
Proposition 5.2 There exists an algebra anti-isomorphism ξ : 17) where c = 0, 1.
The anti-isomorphism can be implemented on representation spaces in terms of super-transposition (i.e. the graded analogue of ordinary transposition). The super-transposition for square even (n|m)-matrices, i.e. linear transformations belonging to the space of Hom(C (n|m) , C (n|m) ), is given by
where A ∈ Hom(C n , C n ), D ∈ Hom(C m , C m ) are even, and B ∈ Hom(C m , C n ), C ∈ Hom(C n , C m ) are odd, and t denotes ordinary, not graded matrix transposition. Moreover, the transposition on L 2 (R) is implemented by the following action on the momentum and position operators:
Then, we claim that the following proposition is true:
for the choice of the parameters a, a , b, b ∈ Z ≥0 such that
is an algebra homomorphism.
This fact can be checked by a direct calculation.
Using the morphism η from the proposition 5.3 in addition to the canonical element S for the Heisenberg double H(A) and the (flipped) canonical elementS for H(A * ), one can define the following two elements S = (−1) (a+b +1)|α|ẽ α ⊗ e α and S = (−1) (a+b )|α| e α ⊗ẽ α . It can be shown that they satisfy a set of 6 pentagon-like equations Then, we claim that one can construct the R-matrix of the Drinfeld double D(A) as follows
Under an algebra map η one has the following relation
Remark 5.1 To keep the notation compact, from now on we will denote the elements 1 ⊗ e α and e α ⊗ 1 of the Drinfeld double D(A) simply as e α and e α respectively.
Example 5.1 Drinfeld double of the Borel half of U q (sl(2)) Using the definitions above, one can obtain the Drinfeld double D(A) commutation relations for A = B(U q (sl(2))) 23) with the coproduct 24) and the antipode
Using the map η as well as the algebra anti-homomorphism ξ, one can obtain a representation . Moreover, the universal R-matrix realised using this representation is given by
Example 5.2 Drinfeld double of the Borel half of U q (osp(1|2))
As another instructive example, one can consider the Drinfeld double D(A) for A = B(U q (osp(1|2))). Its commutation relations are as follows
(5.28) with the coproduct 29) and the antipode
Using the map η as well as the algebra anti-homomorphism ξ, one can obtain a representation previously not obtained universal R-matrix realised using this representation is given by 32) where
NS (x).
Outlook
Let us conclude our paper by mentioning some interesting directions for future work suggested by our results.
As we mentioned in the introduction, a 1-parameter family of infinite dimensional represen- (2)), q = e iπb 2 has been studied by Bytsko, Ponsot, and Teschner [18, 19, 27] in connection to the Liouville theory. P α represents U q (sl(2)) on a space of analytic function defined on a strip around {x ∈ C : |Im(x)| < b 2 } which possess a Fourier transform that is meromorphic on C with a specified set of allowed poles. The generators K, E, F of the quantum group are realised as positive, self-adjoint operators. The family P α is closed under the the tensor product and the calculation of the 3j-and 6j-symbols allowed to make a connection with the fusion matrices of the Liouville theory. Moreover, on the same representation space acts a representation of Uq(sl(2)) forq = e iπb 2 , and therefore P α constitute representations of the modular double of the quantum group introduced in a sense of Faddeev [28] . This modularity property, which ensures a self-duality of the exchange b → 1 b , is crucial for the interpretation in terms of Liouville theory, which exhibits the same symmetry. The representations P α were also found in during the study of the spectral problem of Dehn twists in quantum Teichmüller theory utilising an algebra map similar to the one in proposition 5.3 -it differed form it however by a twisting of the co-product.
This results for the class of infinite-dimensional representations P α of the quantum group U q (sl 2 ) has been generalised in [29, 30] for the case of the higher rank U q (sl n+1 ) quantum groups using the cluster algebras methods. They describe the algebraic ingredients of a proof of the conjecture of Frenkel and Ip [31] that the category of the representations P λ of the quantum group U q (sl n+1 ) is closed under tensor products.
In the context of N = 1 supersymmetric Liouville theory, the attempt to find an U q (osp(1|2)) analogue of the representations P α resulted obtaining the 6j-symbols which reproduce only the Neveu-Schwarz sector of the theory [32, 33] . Given our results regarding the Heisenberg double of the Borel half of U q (osp(1|2)), we conjecture that the proper analogue of the representations P α , i.e. the one which will encode the entirety of the structure of N = 1 supersymmetric Liouville theory, is a 1-parameter family of infinite-dimensional representations of U q (osp(1|2)) modeled on a dense subspace of the Hilbert space L 2 (R) ⊗ (C 1|1 ) ⊗2 and given by πi . π α is a representation of an U q (osp(1|2)) algebra defined by the (anti-)commutation relations 2) and the co-product
3)
The novel R-matrix for this family of representations is given by
It would be interesting to perform a harmonic analysis for this family of representations and calculate the 3j-and 6j-symbols. In particular, of interest is whether 6j-symbols could reproduce the entire fusion matrix of the N = 1 supersymmetric Liouville theory.
A Special functions
Quantum dilogarithm plays a key role in the constructions described in this paper. In this appendix we review the Faddeev's quantum dilogarithm and its most important properties. We collected the different definitions of related special functions which one may face in the references.
A.1 Faddeev's quantum dilogarithm
The basic special function that appears in the context of the infinite dimensional representations of the Heisenberg double of the quantum plane is Barnes' double gamma function [34] . The double gamma function is defined as log Γ 2 (z|ω) := ∂ ∂s
, and using which one can define
For Rex > 0 it admits an integral representation, 
These shift equation allows us to calculate residues of the poles of Γ b . When x → 0, for instance, one finds
The Fadeev's quantum dilogarithm function in addition to the relation with the G b function has the following integral representation
The shift and reflection relations that it satisfies are as follows
Also, for non-commutative variables U, V such that U V = q 2 V U where q = e iπb 2 it satisfies the pentagon relation
The pentagon equation can be equivalently expressed as the Ramanujan summation formula [19, 35, 36] i∞
Moreover, for the function e b we have the following shift and reflection relations
The asymptotic behaviour of the function e b along the real axis
Also, we know that for self-adjoint operators p, x such that [p, x] = 1 2πi we have the following variant of the pentagon relation
(A.25)
A.2 Supersymmetric non-compact quantum dilogarithm
Now, we will consider special functions related to the supersymmetric analogue of the Faddeev's quantum dilogarithm. We can define the supersymmetric analogues of double gamma functions
Furthermore, let us define
where ζ 0 = exp(−iπQ 2 /8). As for S b , the functions S R (x) and S NS (x) are meromorphic with poles and zeros in
We state the shift and reflection properties of the functions G NS and G R
We define the supersymmetric analogues of Faddeev's quantum dilogarithm function as .31) and relate them to the double sine function in a way as follows
In addition, the functions e R and e NS have an integral representation (A.33)
The shift and reflection relations that they satisfy are as follows
Asymptotically, the functions e NS and e R behave as
Also, we know that for self-adjoint operators p, x such that [p, x] = 1 πi they satisfy four pentagon relations
where f ± (x) = e R (x) ± e NS (x). The equations (A.36) are equivalent to the supersymmetric analogues of the Ramanujan integral identities [37] i∞ −i∞
(A.37)
Finally, we define g R (x) = e R (e πbx ), g NS (x) = e NS (e πbx ). (A.38)
A.3 Binomial and q-binomial identites
The ordinary binomial and q-binomial formule have a continuous analogues. The continuous binomial formula for x, y ∈ R ≥0 is given by where s ∈ R, the sign depends on the choice of the branch of the logarithm and the continuous binomial coefficient is given explicitly in terms of gamma functions
Moreover, for the non-commutative elements u, v, which satisfy uv = q 2 vu for q = e iπb 2 , one has the countinuous q-binomial formula
where t ∈ R and a continuous version of the q-binomial coefficient has the form
B Toy model: continuous monomial algebra
As an instructive case on the road to the analysis of the continuous version of U q (sl(2)) and U q (osp(1|2)), one can consider a continuous version of the algebra of monomials, which behaves in a manner similar to the Cartan subalgebra of those Hopf algebras. The consideration of this algebra is much simpler, as it is both commutative and co-commutative. It provides an easy to understand example before the study of our main objects of interest in sections 3 and 4.
In the case of an ordinary algebra of monomials, the algebra is spanned by a set of even elements {y n } n∈N with the multiplication and co-multiplication relations as follows y n y m = y n+m , ∆(y m ) = (y 1 + y 2 ) n .
Where it comes to the continuous case, let us start by considering a Hopf algebra A composed of the basis elements {e(s, )} s∈R, =± given as follows e(s, +) = 1 2π Γ(−is)e In addition to algebra A we consider also a dual Hopf algebra A * composed of the basis elements {ê(s, )} s∈R, =± defined by the equationŝ i.e. we see that those two algebras are indeed dual to each other. This allows us to define the multiplication relations between the elements of the Heisenberg algebra H(A)
(1 ⊗ e(s, ±))(ê(s , ±) ⊗ 1) = dτ 2π
−is −iτ Γê (s − τ, ±) ⊗ e(s − τ, ±),
(1 ⊗ e(s, ±))(ê(s , ∓) ⊗ 1) = 0.
If we analytically continue those expressions to s, s ∈ −iN ≥0 we can find that the generators satisfy the canonical commutation relations yŷ =ŷy + 1 i , (B.5)
where we denoted 1 ⊗ y as y andŷ ⊗ 1 asŷ for the sake of brevity. Using the realisation in terms of generators, we can compute the canonical element S using the formula (2.17), which gives 6) to compute which we used the Mellin transformation for an exponential
where x > 0.
